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Abstract

In this paper, we give some new generating functions of the products of Stirling num-
bers of the first kind with some known numbers and polynomials by making use of the
e
to the series > Sp(A)phz".

n=0

.. . k
symmetrizing endomorphism operators &5 ,, ...
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1. INTRODUCTION

In 2019, the generalized Tribonacci number {W,, },en was introduced by Soykan, Okumus and Tasdemir
[17]. These numbers are given by the following recurrence relation

Wy, =aW,_1 + bW, o +cW,_3, n >3, and (a,b,c) € R?,

with initial values Wy = «, W1 = 8, Wy = «, where «, 8 and ~ are arbitrary integers.
Ifweseta=b=c=1and Wy = 0,W; =1,Wy = 1, then {W,} is the well-known Tribonacci num-
bers and if we take a = b =c=1and Wy = 3, W; = 1, W5 = 3, then we recover the Tribonacci-Lucas number.

There have been many studies on the generalized Tribonacci numbers, see for example [10, 9, 17]. The
following are a few specific instances of the generalized Tribonacci sequence W, {a,b, ¢; o, 8,7}

TABLE 1.

Sequence Wpia,b,c;a, 8,7} | Notation
Tribonacci w,{1,1,1;0,1,1} T,
Tribonacci-Lucas | W, {1,1,1;3,1,3} K,
Padovan w,{0,1,1;1,1,1} P,
Perin W,{0,1,1,3,0,2} | R
Padovan-Perin | W,{0,1,1;0,0,1} Sy
Jacobsthal W,{1,1,2;0,1,1} 3
Jacobsthal-Lucas | W, {1,1,2;2,1,5} j,(f'>

Some special cases of the generzalized Tribonacci sequence.
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Now, we introduce the generalized Tribonacci polynomials, denoted by W, (z), which defined by the
recurrence relation [13]

Wi (x) = 22Wi_1(x) + 2Wo_a(2) + W, _3(z), n > 3,
with initial conditions

Wi(z) = a,
Wg(l’) = 172.732 + bll’ + bo,
Ws(z) = cax + cs2® 4 o2 + 12 + o,

where by, ¢; and ¢4 are positive integers and others parameters are non negative integers.
The 2-orthogonal monic Chebyshev polynomials (2-classical) of the first kind {7, },,>0 were examined in
[11], and determined by the subsequent relationships:

To(@) = aTh_1(2) — aTh_o(x) — YTp_3(x), n >0, v #£0,

with initial values TA})(QJ) =1, T\l(m) =z and fg(:p) =22 — o, where a and v are constants (see also [14]).

In 2013 by many researchers as it enabled them to retrieve numerous identities and renowned generating
functions, utilizing the symmetric functions technique. For additional details check [3, 6, 7, 8, 15, 16]. In
this contribution, we shall define a new useful operator denoted by (5}’;] paps+ fOT Which we can develop, expand
and demonstrate new findings based on our earlier ones.

The further contents of this paper are as follows: In Section 2, we introduce symmetric functions and some
of its properties. We also give some more useful definitions which are used in the subsequent sections. In
Section 3, we prove our main result which relates the symmetric function defined in the previous section with
the symmetrizing operator. This main theorem unifies several previously known results about the generating
functions. It is then used to find the new generating functions of products for some know numbers and
polynomials, in Section 4 and Section 5.

2. PRELIMINARIES AND SOME PROPERTIES

In this section, we give some definitions and properties of the symmetric functions that we will need in
the sequel.

Definition 1. [1] Let A and P be any two alphabets. We define Sp(A — P) by the following form

Hpep(1 —pz)

Moa(1—az) = 2 54— D)= @1)

n=0

with the condition Sp,(A — P) =0 forn <0.
Note that, Eq. (2.1) can be rewritten in the following form

> Su(A-P)z" = (Z Sn(A)z"> x (Z Sn(—P)z"> ,
n=0

n=0 n=0

Where

Sn(A - P) = i57(A)Sﬂ_7(—P)ZTL

i=0

Remark 1. Taking A =0 in (2.1), this gives

> Su(=P)2" = [](1 - pa).

n=0 peP
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Definition 2. [5] Let g be any function on R™. The divided difference operator is given by the following
form
(@1, @i i1, T) = 9T, T 1, Tig 1, Ty 5 Tn)

Ti — Tit1

&[wiﬂg(l’l,.. s Liy Ti41s - - .,LL’,L) =

Definition 3. [2] Let n be positive integer and A = {a1,az2} are set of given variables. Then, the n—th
symmetric function S = (a1 + az) is defined by

a?+1 72L+1
n A) = n -
Snl4) = S(ar +ap) = =—2
with

S()(A) = So((h + az) =1,
S1(a1 + a2) = a1 + aa,
Sa(A) = Sa(ar +az) = a? +ajas + a%,

@
=
Il

Definition 4. [7] The new symmetrizing 8Y,,,is defined by

pYf(p1) — s f(p2)

oF = ,for all k € N. 2.2
oupe S (01) o J (2.2)
If f(p1) = p1, then Eq. (2.2) can be written as follows
k+1 kel
k P — D2
Opipa [ (P1) = e = Sk(p1 +p2).

3. MAIN RESULTS
In this section, we, firstly, start with the following new definitions and then the main theorems.
is defined by
P20y, 5, f(p1) — P30y, f (p1)
P2 —Pp3
Definition 6. [12| Let P = {p1,p2,p3} be an alphabet. Then we have

Definition 5. The new symmetrizing 6p1p2p3

5511921)3.]6(171) =

S (Py) = P2Sn(p1 +p2) — P3Sn(p1 +P3)_
P2 — D3
Theorem 1. Let A = {a1,az2,a3} and P = {p1,p2,p3} be two alphabets. The following result holds

> 80(A3)Snpk-1(Ps)2" = (3.1)

Sn(~ A:;:z ) (ioj S (—A)Sn_p1(p1 + p3)p32n>

OSn 5= ) (Z Sn(=A)Sn—k-1(p1 +p2)p22")

NgH

n

*P1p]2€

(p2 — p3) (
n

for alln,k € Ny and k < n.

1
8l

Mzl

8|3
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18

Proof. By applying the operator 5% to the sum f(p12) =

o1 paps Sn(A)ptz", we obtain

n=0
oo
651}’2?3 f(plz) = 521172?3 Z S" (A)p?z”
n=0
_ P20y, f(P12) — P30y, (P12)
P2 —P3
ph 3 Su(Awpa"—pf & Sa(Apge" ph 3 Sa(Apa"-pf & Sa(Apge"
_p2( P1—p2 —ps P1—pa
P2 —P3
0 prtk_pntk 0 prth_pntk
p2n2::05n(14) ih 2 71937;05”(14) T
P2 —P3
o0
Snak_ — p3Snik_
_ ZSn(A)pz n+k—1(P1 + P2) — P3Sntr—1(pP1 +p3)zn
n—0 P2 —p3
o0
= Z Sn(A)Sn+k:—1(P3)Zn~
n=0
. k 1 . .
On the other hand, applying the d, ... to the sum f(p12) = 5——————— this gives
> Sn(=A)pian
n=0
k k 1
N L e A —
E Sn(—A)p?Z"
n=0
(Sk k 1
DP20p;p, 5o —p35p1p3 =
> Su(=A)pizm > Su(=A)ptan
_ n=0 n=0
P2 —P3
Pt B s Pt B s
o0 (o] o0 (o]
> Sn(=A)ptar 3 Sa(—A)pyan > Sn(=A)ptar 3 Sa(—A)psan
n=0 n=0 n=0 n=0
P2 — D3
_ p1— P2 b1 —Pp3
P2 —P3
kooS —A nn_kooS —A)pn 2
P12 Su(=A)p5z" - ps n(—A)piz
_ D2 n=0 n=0
P2 —p3 _ ocsz n.n OOS,A nn
(p1 = p2)( 22 Sn(=A)p72")( X Sn(—A)ph=")
n=0 n=0
k o0 o0
PE Y Su(=A)ps2" —p§ 3 Su(—A)ptz"
_ D3 n=0 n=0
P2 —P3 _ Oos_Ann OOS_Ann
(p1 ps)(EO n(—A)piz )(ZO n(—A)p3z")
n= n=
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nk n—k

2 + P
L kok Sn_ 2 on

o Pips 2 Sn )Tm
PP Sl )pIZ")(ZS( A)pz2")
pl +pgk
Sn A

__Dp3 plp?’nzo =4 p1tps3
(X sl )plzn><zs< A)ptz)

Pipy (f Sn(—A)pgz") <§ (= A)S_r_1(p1 +p3)p32n>

n=0
0

o0
—pkph ( Z_}O Sn(fA)pQZ"> ( Z_}O Sp(—A)Sn_k—1(p1 + p2)p2z™

(2 — p3) (i Sn(—A)p’fzn) (i Sn(—A)pgzn> (i Sn(—A)ngn> .

n=0 n=0 n=0

This completes the proof. O

e For A ={ay,a2,a3}, P ={p1,p2,p3} and k € {0,1,2,3} in the relation (3.1), we have the following
results.
Theorem 2. [12] Given two alphabets A = {ay,as,a3} and P = {p1,p2,ps3}, we have

1 — Sy(—Az)Sa(—P3)z* + [S3(—A3)(S2(—P3)S1(—P3) — 253( P3))
+51(—A3)S3(—P3)]2* — S1(—A3)S1(—Ps)S5(—Asz)S5(—P3)z*
+53(—A3)S3(—P3)2°

2 SnASu (P2 = e e (e S, C A (o S A Y
From (3.2), we get
. ’ 555(fifg))%sﬂplgs)ﬁijfgf(X)Q(gf PSSP >z]533))]
2 S (Aa)Saca (P = e Sn(*A)piLZ")?;Eg;éi)(sjgp’ﬁz)"; ORI ED
From (3.3), we deduce
. SRR SR s
2, Sn-alAa)Su-2(P):" = = Sn(fmp?z")Egzg:;)fi)péz)f)s SRR E e

Theorem 3. [12] Given two alphabets A = {ay,a2,a3} and P = {p1,p2,p3} , we have

—S1(=A3)z + Sa(—A3)S1(—P3)2* —53( A3)[Sl( ) 52( P3)]2?
+[S1(—A3)S3(—A3)S3(—Ps) — Sa(—A3)?S3(—P3)]z*
+Ss(— A?{)S3()§4?)51()SP?)53() 53)25
ad n_ —Sg —A3 2 —P3 3 —P3 4
2 Sulds)Sna(P)2" = S s 5 S ) (o S A
(3.5)
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which gives

—81(—A43)2* 4 Sy(—A43)51(— PS)Z = S3(— A3)[Sl( P3) — So(—P3)]2*
+[S1(—A3)S5(—A3)S3(—Ps) — Sa(—A3)?S3(—P3))2°
+S(— A?)Sj();z)&()sp(s)ss() P
- n_ —53(—A3z)S2(—Ps)S3(—Ps)2"
Z St ) S B2 = e g o) (S S (— A" (Xg Sa(— A7)
(3.6)

Theorem 4. [12] Given two alphabets A = {a1,az,a3} and P = {p1,p2,ps} , we have
*Sl(*Pg) + Sl( A3)SQ( Pg)Z — Sg( Pg)[S%(*Ag) — Sg(*Ag)}Z2
—83(—A3)[S3(—P3) — S1(—P3)S3(—P3)] 2
+S1( Ag)Sg( Ag)Sg( P3)53(7P3)24

S . —S3(—P3)Sa(—A3) S3(—A3)2°
;)Sn(A3)Sn+1(P3)Z Ty S (A E) (g S (A (3o S (— A)ph ™)
(3.7)
Using (3.7), we obtain
751(7P3)Z + Sl( A3)Sz( Pg)z — 53( P3)[S%(*A3) — Sz(*Ag)]Zg
—S3(—A3)[S5(—P3) — S1(—P3)S3(—P3)]z*
+51(— A(3)S3() Af)%()spz))%i()—fs)zs
- n_ —83(—P3)S2(—A3)S3(—Asz)z
2 St (A Pa)3" = ) (S S~ A8 ) (e Su (A7)
(3.8)
which gives
—S1(—P3)2* + S1(—A3)S2(—P3)z% — S5(—P3)[ST(—As) — Sa(—As)]z*
—S3(—A3)[S3(=P3) — S1(—P3)S3(—P3)]2°
'f'Sl(—1‘13)53(—143)52(—P:%)Ss(—lja)z0
3 f o —S3(=Ps)Ss(=A3)S3(~A3)2
2 Sna(A)Suct (P2 = S g 5 G A (5 51 (AR
(3.9)

Theorem 5. [12]| Given two alphabets A = {a1,a2,a3} and P = {p1,p2,p3} , we have
(ST(=Ps) — S2(=Ps)) — S1(—A3)[S1(—Ps)S2(—Ps) — S5(—P3)]=
+[SF(—A3)81(=P3)S3(—Ps) + S2(—As)(S3(—Ps) — 281 (—P5)S3(—P3))] 2
—52(—P?E)53(i§32[52(;143;5(2(j414)3;—( Sz(;]As)]ZS
- n_ +53(—P3)[95(—A3) — S1(—A3)S3(—A3)]2*
2 Sl S P = e ) (5 5a A" (0 S~ A

(3.10)

This becomes

(-
+[SF(—A3)S1(—Ps)S3(—Ps) + Sa2(—As)( (%( Py) —281(=P3)S3(— D3

Asz) — S3(—A3)]2°

(S3(—Ps) — Sa(—Ps))z* — S1(—-A )[5 Ps)Sa(—P3) — S3(— P3)]Z;] A
—S8o(—P3)S3(— P3)[Sl( )
)

S n +S2(= P3)[S2(— As) — S1(— Ag)Ss(—Ag)]2°
2 Sn-alA0)Su(P)2" = e S A (o Su (A

(3.11)
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which, finally, gives

(SF(—Asz) — Sa(—A3))2* — S1(—P3)[S1(—A3)Sa(—A3) — S3(—A3)]2*
+[S7 (= P3)S1(—A3)S3(—Az) + Sa(—P3)(S5(—As) — 251 (—A3)S3(—A3))]2*
.- n_ +53(—A3)[S3(—Ps) — S1(—Ps3)S3(—Ps)]z
2 SnlA)Sna(P) = S e (5 S, A (5 Sa (AR

n=0 n=0 "1

(3.12)

where

(Z &(A)p?z") (Zsump;zn) (zsnu)pz:zn) _

1— [S1(—=P3)S1(—Az) + Sa(—P3)ST(—A3)]z + [Sa(—A3) ST (—P3) — 252(—P3)S2(—A3))2°
—[S7(—P3)S5(—As) + 53(—Ps) (57 (—As) — 653(—As)) + (51 (—As)S2(—Asz) — 355(—As))
(S1(—P3)S2(—P3) — 3S3(—P3))]2° + [S3(—P3)S1(—P3)S2(—A3) St (—As) + (S5(—A3) — 253(—A3)S1(~A43))
(S3(=Ps) — 285(—P3)S1(—P3)) + S3(—A3) 51 (= A3) (57 (— P3) Sa(—Ps) — 553(—P3)S1(—P3)))z*
—[S3(—P3)S2(—P3)(S1(—A3) 85 (—A3) + 253(—A3)S1(—A3) — S3(—A3)S2(—A3))
+53(—P3) ST (—P3)(S3(—As3) ST (—As) — 253(—A3)S2(—As)) + S1(—P3)Sa(—Ps)Sa(—A3) 53(— As)]2°
+[S3(—P3)S5(=A3) + S3(—P3)S3(—A3)(S1(—A3)Sa(—A3) — 3S3(—A3))(S1(—P3)Sa(—P3) — 353(—F3))
+55(—As) (53 (—Ps) — 655 (—Ps))]2° — [S5(—P5)S1(—P3)S5(—As) (S5 (—As) — S3(—A3)S1(—As))
+S3(—A3)S1(—A3)S3(—Ps)So(—P3)|2" + S2(—P3)So(—P3)S5(—A3)Sa(—A3)z® — S5 (—P3)S5(—A3)2°.

4. GENERATING FUNCTIONS OF THE PRODUCT OF SOME KNOWN NUMBERS AND POLYNOMIALS

In this part, we now derive the new generating functions of the product of some known numbers and
polynomials.

4.1. Generating functions of the product of some known numbers. Firstly, using the substitutions

Sy(—As) = —1 Si(—Py) = —1
52(7A3) =—1 and SQ(*P?,) =-1 5
Sg(—As) =-1 Sé(_Pj) =-1

in (3.2), (3.5) and (3.12), we obtain

[ee]

1— 22223 — 24 426
Sy (A43)S,(Ps)z" = - = . -, 4.1
;} (A3)Sn(Py)2 1—2—422— 1223 — 62* — 425 4 826 + 227 4 28 — 29 (1)

kad 24224223425 - 28
Sy (A3)S,—1(P3)2" = , 4.2
T;] (A3)Sn-1(Ps)z 1—2—422— 1223 — 62% — 425 + 820 + 227 + 28 — 29 (42)

s 224223 4224 — 25
Sy (A3)S,_a(P3)2" = . 4.3
Z (A3)Sn-2(P5)2 1—2—422—1223 — 62% — 425 + 820 + 227 + 28 — 29 (43)

n=0
Than, we have the following theorem.
Theorem 6. Forn € N, the new generating function of the product of Tribonacci numbers with Tribonacci-
Lucas numbers is given by
iTKZ,_ 322 — 722 —122% — 524 - 50
— PRl — 2 — 422 — 1223 — 624 — 425 + 826 + 227 4+ 28 — 207
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Proof. In [10], we have T}, = S,,(A3) and K,, = 35, (Ps) — 2S,,—1(P5) — Sp—2(Ps), then we see that

S TuKp2" = Sn(As)(3Sn(Ps) — 2Sn_1(Ps) — Sp_a(Ps))2"
n=0

n=0
=3 Sn(A3)Sn(Ps)z" =2 Sn(A3)Sn1(Ps)2" =Y Sn(As)Sp_o(Ps)2".
n=0 n=0 n=0

Using the relationships (4.1), (4.2) and (4.3), we obtain

i T Ko — 3-2:— 722 — 1223 — 524 — 526 ’
— 1—2—422 — 1223 — 624 — 425 4 820 4 227 4 28 — 29
this completes the proof. O

Secondly, by substitute

Si(—A3) =0 Si(—P3) =0
SQ(*Ag) =-1 and SQ(*Pg) =-1
S3(—A3) = -1 S3(—P3) = —1

in (3.2), (3.4), (3.6), (3.8) and (3.12), we get

2 S = L "
2571_2(143)571_2(1%%" = TaT ;Z::_Z;iﬁj: i 22 S ws)
Tisn1(A3)Sn2(R%)Z" =192 Ssz—J;fi) ;)Z—ZZG TS (4.6)
’2 Sn—1(43)S,(P3)z" = o 3232i 1—421;52_“3— e — W
i Sn(As) Sp—2(Py)2" = 1—222 — 3232i ;fi;:i 26 4 28 — 29’ (4.8)

and we deduce the following theorem.

Theorem 7. Forn € N, the new generating function of the product of Padovan numbers with Perin numbers

is given by
= n 3—422-323 +324 + 27
anR"Z 1 —222 323 — 244 25 4 26 4 28 — 297
Proof. Recall that, we have (see [10]) P, = S, (As) + Sn—1(As) and R,, = 3S,,(Ps) — Sn—2(Ps), then we see
that
Z PanZn = Z(S7L(A3) + Snfl(AS))(gsn(PS) - San(Pii))Zn
n=0 n=0
o0 oo
=3 S,(A3)Sn(Ps)z" — > Su(A3)Sn_2(P3)2"
n=0 n=0

+3) S 1(A3)Su(Ps)z" = > Sp1(A3)Sn_a(Ps)z".

n=0 n=0
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By employing the connections (4.4), and (4.6)-(4.8), we obtain

iPRz"* 3—422 — 328 4324 4+ 27
— T ] 2222 — 323 — 24 4 25 4 26 4 28 — 297

hence, the desired result. O

Theorem 8. Forn € N, the new generating function of the product of Padovan numbers with Padovan-Perin
numbers is given by
2 _ 7

o0
22—z
P,S, 2" = :
nz::o mOME T T 022 353 — 24 4 25 4 28 4 28 — 29

Proof. By referring to [10], we have P, = S,,(A43) + Sp—1(As3) and S,, = S,,_2(Ps), this gives

D PuSpz" = (Su(As) + Sn-1(A3))Sn-a(Ps)2"
n=0 n=0

= Z Sn(A3)Sn_2(P3)z" + Z Sn—1(A3)Sn_2(Ps)2".

n=0 n=0
Using the relationships (4.6) and (4.8), we obtain
o 2 _ 7
ZP”S”Z": 2 3 24 25 61 .8 _ 9’
= 1—-222 —323 =24+ 25420 425 — 2

which completes the proof. O

Theorem 9. For n € N, the new generating function of the product of Perin numbers with Padovan-Perin
numbers is given by

5

o0

222 — 224 — 25—z
ZR"S"Zn: 2 3_ A1 51 64 8_ 0
= 1-222—-323 =244+ 22+ 2428 -2

8

Proof. By the same method given in Theorem 3 and Theorem 4, the proof can be easily made. O

Thirdly, setting

Sy (—Ag) = —1 Sy (=Ps) = —1
SQ(*Ag) =-1 and Sg(fpg) =-1 5
Sg(—A;) = —2 S;;(—Pg),) = —2
in (3.3), (3.5) and (3.9), this gives
> z— 23 —8z% — 425 + 1627
Sp_1(A3)Sn_1(P3)2" = _ , 4.9
n; 1(Ag)Sn1 (P3)2" = 1— z— 422 — 2923 — 1524 — 1625 + 9226 + 3227 + 1628 — 6429 (49)
> 2422 4+42% — 224 + 425 — 856
S, (A3)Sp_1(P3)2" = i 4.10
n;] (A3)Sn1(P3)2" = — z— 422 — 2923 — 1524 — 1625 + 9226 + 3227 + 1628 — 6429 (4.10)
> 22423 424 — 225 4426 - 827
_o(A3)S,_1(P3)2" = 4.11
D Sn-2(43)Sn1(Py)2 1— 2z — 422 — 2023 — 1524 — 1625 + 9226 + 3227 + 1628 — 6429 (4.11)

3
o

and we deduce the following theorem.

377
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Theorem 10. Forn € N, the new generating function of the product of third order Jacobsthal numbers with
third order Jacobsthal-Lucas numbers is given by

i J3):6) n 24 42% 41125 + 1224 4+ 825 — 820 — 3227
z = E .
= nJn 1—2z—422 2923 — 1524 — 1625 4 9226 4+ 3227 + 1628 — 6429

Proof. By referred to [10], we have I = Spn—1(As) and i = 25, (P3) — Sp—1(Ps) + 2S,,—2(Ps), then

Z Jy(zs)j7<13>zn = Z(QSH(PB) - Sn—l(P?)) + ZSTL—Q(P3))STL—1(A3)ZTL
n=0 n=0
oo oo o0
=2 Z Sy (A3)Sp_1(Ps)z" — Z Sn—1(As3)Sn—1(P3)z" +2 Z Sy—2(As)Sn—1(P3)z".
n=0 n=0 n=0
Using the relationships (4.9)-(4.11), we obtain
i 3)4(3) n 2 — 24422 + 1125 + 1224 + 82° — 828 — 3227
J g 2" = s
— noan 2 — 422 — 2923 — 1524 — 1625 + 9226 + 3227 4 1628 — 6429
which completes the proof of this theorem. O

4.2. Generating functions of the product of some known polynomials. Firstly, by substitution

S1(=4;) = —a? Si(=Ps) = —y*
So(—A3) = —x and § Sy(—Ps) = —y ,
Sy(—As) = -1 Sy(—Py) = —1

in (3.2), (3.5) and (3.12), we obtain

> , 1—xyz? 4 (22 —y? — 2)23 — a2y%2 + 26

3 50(As)Su ()" = — @~y ( )) Y , (4.12)

n=0 nl=z

> 2 2,2 1 3V.3 4 0025 .6

S Su(As) S a(Py)n = Lt TV V) R oy myE (4.13)

= q1(2)

n=0

is (4150 _a(Py)n = (LF )22+ Qa2 + (L4 ylhya®at — L4y
n n— ql(z) b .

n=0

with

@ (2) = 1—2%922 — ay(a® + 9 + 2)2% — (a® 4+ y° + 23y® + 32° + 393 + 3)2°
2?2 (P P+ 42+ ay(2® — 20+ 1 — 2 ((2® 4+ 2)y +1))2°
+ (25" +20° + 2% +3)2° + 2y (y + 1)27 +ay2® - 2,
and, then, the following theorem.

Theorem 11. For n € N, the new generating function of the product of Tribonacci polynomials with
Tribonacci-Lucas polynomials is given by
3 — 222922 + ay(a® — 2y® — 4)22 — (322 — 6y3 + 2%y% +6)2°
+(1 = y®)ayzt + (1 + y3)zy + 3)28
q1(2)

Z T () K (y)2" =
n=0
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Proof. In [13], we have T),(z) = S, (A3) and K, (y) = 3S,(Ps) — 2y%S,_1(P3) — ySn_2(P3). Then, we can
easily see that

D Tu(@)Kn(y)z" = Sn(As)(35,(Ps) = 2y°Sn—1(Ps) — ySn_2(Ps))z"

n=0
=3 Su(A3)Sn(Ps)2" —2¢° > S,(A3)Sn1(P3)2" —y Y Sn(As)Sn o(Ps)z".
n=0 n=0 n=0

According to relationships (4.12), (4.13) and (4.14), this gives the following equality

[3 — 222922 + 2y(z® — 2y — 4)22 — (322 — 6> + 2%y 4+ 6)23

s n +(1 =)oy’ + (1 +y°)zy +3)2°
ZTH(I')Kn(y)Z = )
n=0 q1(Z)
this completes the proof. O
Secondly, using the substitution
Sl(*Ag) = *$2 Sl(fp‘g) =-1
82(—A3) = —X and 52(—P3) = -y ,
Sg(—Ag) =-1 Sg(—Pg) = —y2
in (3.2), (3.8) and (3.11), we get
o0 1= zyz2 202 1902 _ )23 — 220254 1 4,6
S S (Ag)Su(By)en = LS F Y AW ) e e (4.15)
n=0 QQ(Z)
= n  z 2y 4+ 2wt — x)2® + 22y%2° — 2yt
S S 1(Ag)S(Py)en = AT TVE TV m ) brye may s (4.16)
n=0 - 2(2)
> 14+ y)22 + (y+ 2223 + (%92 + zy?) 2t — (1 4 2®)y325
> Smalidn)s, (Pr)zn = WIVELWRTE S O o) SUXTWE )
n=0

where

q@2(2) = 1-2%(1 — yz?)z — (x + 22y)2° — (1 + % (2® — 6) + y(2® + 3)(1 + 3y))23
H@Py(a®y =3y —1) — (x +9)*)2" = (P (2" + 22) — P (2" = 22% 4+ 2) + 2y)2°
+(P @ +3) By + 1) — ¢ (6y + 1) — 2®y")2® + 22y (y — 1)27 + 2y®2% — %27
Hence, the following result holds.
Proposition 1. For n € N, the new generating function of the product of Tribonacci polynomials with
Tricobsthal polynomials is given by

Z To(x)Jn(y)z
n=0

n_ Lo ay2® + (2% —y(1 - 29))2% — 2?20 + yta0

q2(2)

Corollary 1. The following identity holds
Tn(fc)ln(y) = Sn(AB)Sn(PS)-

Theorem 12. For n € N, the new generating function of the product of Tribonacci-Lucas polynomials with

Tricobsthal polynomials is given by

3 — 2222 — (day — 22ty — x)22 + (632 — 3y — 22y?(22% — 3) + 23y%(y — 1))22
—(x5y2 + 412y2)z4 + y3(m _ x4)25 + (3y4 + 2$3y4)z6

n=0 qg(Z)
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Proof. By [13], we have T,,(y) = S, (P3) and J,,(x) = 35, (A3) — 2225, _1(A3) — #5,_2(A3), then we see that

D Kn(@)Jn(y)2" =Y (3Sn(As) — 2225, _1(As) — 2S,_(A3))Sn(Ps)2"
n=0 n=0
=3 Z S (A3) Sy (Ps)2™ — 222 Z Sn—1(A3)Sp(Ps)2" — Z Sn—2(A3)Sn(P3)2".
n=0 n=0 n=0

Using the relationships (4.15), (4.16) and (4.17), we obtain

{3 — 2222 — (doy — 22y — 1)22 + (632 — 3y — 22y?(22* — 3) + 23y%(y — 1))23

i " (x)J (y)zn _ —(x5y2 + 4x2y2)z4 + yS(CE _ :C4)Z5 + (3y4 + 2x3y4)z6
ot n n qz(z)
Hence, the desired result. O

Now, the substitutions

Sl(—Ad) = —CC2 Sl(—Pd = -y
So(—A3)=—z  and{ Sa(—P3) =« ,
S‘g(*Ag) =-1 Sg(fpg) = -
in (3.2), (3.8) and (3.11), gives
is (A3) S, (Py) 2" :1 +az2? 4+ (y2? + ay — 29)2% — yyz?at 4 4220 (4.18)
P n 3)Pn\{1L3 (B(Z) } .
00 2.2 4 N3 2 4_ 2.5 _ 2.6
S S 1(Ag) S (Py)en = 20T E RAl m e d o —y)s s onare e (4.19)
— q—3(2)
S0 A (P = BP0 o) ¢ et a2t ren £ D
e n—2 3)Pn 3)~ qs(z) ) .
with

q3(2) =1 — (2%y + aa®)z + (2za — xy®) 2% — (y® — v(6 — %) + (2 + 3) (37 — ay))2®
—(aya® + 2°(0”® = 2vy — ay?) + dry) 2" — (2 (aya® +2) + vy’ (¢* + 22) — z(ay + 1))2°
+(y2*(2y — ay) + a(@® = 3y) + 37(3 — 29))2° + 2% (ay — 7%y) 2" —Yawz® — 427,
and, then, we get the following results.

Proposition 2. For n € N, the new generating function of the product of Tribonacci polynomials with
2-Chebyshev polynomials is given by

= ~ n L+ az2®+ (2% + ay — 29)23 — yyz?at 4+ 4228
> T(@)Ta(y)z" = :
n=0 Q3(Z)
Corollary 2. The following identity holds true
T () Ta(y) = Sn(A3)Sn(Ps)-
Theorem 13. For n € N, the new generating function of the product of Tribonacci-Lucas polynomials with
2-Chebyshev polynomials is given by

3 —22%yz + ((3 4 223) — (y2 — @))2z2? + (y22(3y + 2 — 22*)
+ay(3 + %) — 67)2% + (yay(2 — 5z — 2*) + o2x(z — 2))2*
+ayz(z® —1)25 + v2(3y + 223)28

0 a q3(2)
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Proof. We prove the result by the same way given in Theorem 8. O

5. GENERATING FUNCTIONS OF THE PRODUCT OF STIRLING NUMBERS OF FIRST KIND WITH SOME
KNOWN NUMBERS AND POLYNOMIALS

In this part, we now derive the new generating functions of the product of first kind Stirling numbers
with some known numbers and polynomials.

Definition 7. The first kind Stirling numbers, denoted by s(n, k), is defined as a coefficients of the following

(@) =2(z = 1)(@ =2z —n+1) = Y s(n,k)a.

K=0
Definition 8. [12| Let E5 = {1,2,3} an alphabet, we have
n+2 1
Sn(Eg) — 3T+ _ 2n+2'

5.1. Generating functions of the product of of first kind Stirling numbers with some known
numbers. Case 1. Taking,

Sl(—A3) = —6 Sl(—P3) = —1
SQ(—Ag) =11 and SQ(—Pg) =-1 B
Sg(*A‘g) =—6 Sg(*Pg) =-1

in Egs. (3.2), (3.5) and (3.12), this gives

> 141122 4623 — 3621 + 3620
n A n P "= ) 5.1
;S (A3)Sn(P3)z 14302 + 3322 — 623 + 13124 + 57025 — 7326 — 39628 — 21629 (5-1)
> 62 — 1122 + 1223 + 852% — 662° — 3626
S, (A3)Sn_1(P3)2" = , 5.2
Z:% (A3)Sn-1(P5)2" = 5 + 302 + 3322 — 623 + 13124 + 57025 — 7326 — 3962® — 2162° (52)
> 2522 — 6022% — 1324 + 13225
S, (A3)Sn_z(P3)2" = , 5.3
";) (A3)Sn—2(P5)2" = + 302 + 3322 — 623 + 13124 + 57025 — 7326 — 3962° — 21629 (53)

then, we have the following proposition and theorem.

Proposition 3. Forn € N, the new generating function of the product of Stirling numbers of the first kind
with Tribonacci numbers is given by

e 3gn+2 1

14+ 112% + 623 — 362* + 362°
S _ oty o — + 112% + 62 2" + 362

T 1430z + 3322 — 623 + 13124 4+ 57025 — 7326 — 39628 — 21629

n=0
Corollary 3. The following identity holds

32 41
— - 2" T, = 5,,(A3)S,,(Ps).

Theorem 14. For n € N, the new generating function of the product of Stirling numbers of the first kind
with Tribonacci-Lucas numbers is given by

R 3n+2 41

. 9nt2) g o = 3 — 122 4 3022 + 5423 — 2652* + 1802°

14302+ 3322 — 623 + 13124 4+ 57025 — 7326 — 39628 — 21629

n=0

381
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Proof. We have S,(Az) = 8241 — 9742 and K,, = 35,(Ps) — 25, _1(Ps) — Sp_(Ps). Then, we obtain

3n+2 +1 n+2 n = n
2K = > 80(A3) (35, (P3) — 28 1(Ps) — Sn_2(P3))2
n=0 n=0
=3 Z Sn AS Sn(P?) -2 Z Sn A3 Sn 1(P3) - Z Sn(A3)Sn—2(P3)Zn
n=0 n=0 n=0

Using the relationships (5.1), (5.2) and (5.3), we obtain

32 4 g2y, o 3 — 122 + 3022 + 5425 — 2652% + 18020
= 2 T 14302+ 332% — 625 + 1312% + 57025 — 7326 — 39625 — 21629
this completes the proof. O

Case 2. Making

S1(—A3) = —6 Si(—P3) =0
SQ(*Ag) =11 and SQ( Pg) =-1
Sg(—A’;) = —6 Sg(—Pfg =-1

in (3.2), (3.5) and (3.12), we get

> 141122 — 62° + 3628
S, (A3) S (Ps)2" = . (54
ﬂ;} (As)Sn(Ps)2" = { + 362 + 2222 — 18323 + 4924 + 58825 + 21526 + 21627 — 39628 — 21629 (5:4)
> 62 + 62° 4 852% — 3628
S, (A3)S,_1(Ps)2" = . (5.5
n;) (As)Sn1(P5)2" = 7 + 362 + 2222 — 18323 + 4924 + 58825 + 21526 + 21627 — 39628 — 21629 (5:5)
> 2522 — 492% 4 662°
S, (A3)S,_o(Ps)z™ = . (56
D_ Sn(43)Sn-2(Py)2 1+ 36z + 2222 — 18323 + 492% + 58825 + 21526 + 21627 — 39628 — 21629 (5:6)

n=0

Then, we have the following results.

Theorem 15. For n € N, the new generating function of the product of Stirling numbers of the first kind
with Padovan numbers is given by

146241122 4+ 852

3nt2 41
14362 + 2222 — 18323 + 4924 4 58825 + 21526 4 21627 — 39628 — 21629

2

_ 2n+2)PnZn —
n=0

Proof. We have S, (A3) = % 2"%2 and P, = S,(P3) + Sn_1(P3). Then, it is easy to see that

3" 41
_— 2"+2 P,2" ZS (A3)(Sn(P3) + Sn—1(Ps))z"

_ZS A3 PgZ +ZSn A3 Sn I(PB) s

n=0

Using the relationships (5.4) and (5.5), we obtain

146241122 4+ 852%

3n+2 +1
1 + 362 + 2222 — 18323 + 4924 + 58825 + 21526 + 21627 — 39628 — 21629’

5 27L+2)P P

n=0

which completes the proof. O
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Proposition 4. For n € N, the new generating function of the product of Stirling numbers of the first kind
with Padovan-Perin numbers is given by
o 3241

_gnityg 2522 — 492% + 662°
2

T 14362 + 2222 — 18323 + 4924 + 58825 + 21526 + 21627 — 39628 — 21629

n=0
We can state the following corollary.
Corollary 4. The following identity holds true
3241
2

Theorem 16. For n € N, the new generating function of the product of Stirling numbers of the first kind
with Perin numbers is given by

- 2n+2)Sn = Sn(AS)Sn72(R?)~

N Lk = SN, 3+ 182 + 822 + 304z* — 912°
—— — 2" )R = 2 3 1 5 6 7 9°
= 2 1+ 362 + 2222 — 18323 4 4924 + 5882 + 21526 + 21627 — 39628 — 21627
Proof. By the same method given in theorem 11, the proof can be easily made. O

Case 3. Taking

Sl(*Ag) = *6 Sl(fpg) =-1
SQ(*Ag) =11 and SQ(*PJ) =-1 3
S3(—Asz) = —6 S3(—=P3) = =2
in (3.2), (3.5) and (3.12), we obtain
> 141122 — 1823 — 7224 + 14426
> Su(A3)Sn(Ps)2" = : (5.7)
n=0 ’LU(Z)
> _ 2 3 4 _ 5 _ 6
ZSn(AB)Sn—l(R3)Zn _ 6z — 112° + 122° + 1702" — 1322° — 72z ’ (5.8)
n=0 w(z)
0 2 _ 3 _ 4 5
Z S (A5)Sn_o(Py) 2" = 252° — 602" — 132" + 1982 7 (5.9)
n=0 w(z)

with
w(z) = 14 30z + 3322 — 302% 4 2492* — 107425 + 39225 + 165627 — 15842% — 172827,
and we deduce the following proposition and theorem.

Proposition 5. Forn € N, the new generating function of the product of Stirling numbers of the first kind
with Jacobsthal numbers is given by
o, 3"t2 +1
2

_ bz — 1122 4+ 1223 4+ 1702* — 13225 — 7226

_ 9n+2\ 7(3) ,n
AR WAL e

n=0

We can state the following corollary.
Corollary 5. The following identity holds
3n+2 +1

2
Theorem 17. For n € N, the new generating function of the product of Stirling numbers of the first kind

with Jacobsthal-Lucas numbers is given by
- 3n+2 +1 _ 2n+2
2

_ 27L+2)!]7(L3) = Sn(Ag)Snfl(PJ‘)

2 — 62 + 8322 — 16823 — 3402* + 5282° + 3602°

(3) ,n _
)]n z w(z)

)

n=0
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Proof. By the same method given in Theorem 10, the proof can be easily made. O

5.2. Generating functions of the product of first kind Stirling numbers with some known poly-
nomials. Case 4. The substitutions:

Sl(fAS) =-6 Sl(ng) ——
SQ(—Ag) = 11 and Sg(—PS) = — B
Sg(-Ag) =—6 Sg(—Pg) =-1

in (3.2), (3.5) and (3.12), we obtain

> 1+ 11z22 — 6(23 + 1)2° — 362224 + 3626

S Su(Ag) Sy (y)on = s O Ve - 36r7e 362 (5.10)
n=0 yl(z)

> 62 — 112222 + 6(x + 2123 + 852% — 66222° — 36220

Z Sn(A3)Sn71(P3)Zn = ( ) y (5.11)
n=0 yi(2)

> 2522 — 602223 + (362* — 492)2* — 662325

> 80(A3)S,2(P3)2" = (yl @ ) : (5.12)
n=0

with
y1(2) =1 — (622 — 36x)z + (11z* + 221)22 + (482° — 622 — 36)2° + (16722 — 362°)2*
+(588x + 6623 — 8421)25 + (251 — 3242%)28 + 216(2 + 22)27
— 39628 — 21627,
then, we have the following proposition and theorem.

Proposition 6. Forn € N, the new generating function of the product of Stirling numbers of the first kind
with Tribonacci polynomials is given by
el 377,+2 1
2

1411z — 6(z® + 1)2% — 362%2" + 362°
y1(2)

_ 2n+2)Tn(.’13)Zn ,
n=0

We can state the following corollary.
Corollary 6. The following identity holds
3nt2 41

2

Theorem 18. For n € N, the new generating function of the product of Stirling numbers of the first kind
with Tribonacci Lucas polynomials is given by

{3 — 12222 + (222* — 582)22 — (1225 — 3023 + 18)23

— 2"OT, (2) = S (A3)Sn(Ps).

0 an 2 3y,4 4.5 3 6
2(3 +2 41 o) ()2 = —22(229 + 362°)2* + 198z*2° + (722° + 108)z
n—0 2 y1(2)

Proof. By referring to [13], we have K, (z) = 3S,(P3) — 2225, _1(P3) — 2S,_2(P3) and S, (A43) = L;H -
27+2 then we see that

> gn+2 41 >
T — 2n+2)Kn(.’L')Zn = Z S,L(Ag)(3Sn(P3) — 2%2S7L_1(P3) — .’L‘Sn_Q(Pg))Zn

n=0 n=0

=3 Su(A3)9n(Ps)2" — 20y Su(As)Sn_1(Ps)2" — 2y Sn(As)Sp_a(Ps)2".
n=0

n=0 n=0
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Using the relationships (5.10), (5.11) and (5.12), we obtain

3 — 12222 4 (222* — 58z)2% — (1225 — 3023 4 18)23
% (3n+z +1 P K ()" —2%(229 + 3623)2* + 1982425 + (7223 + 108)2°
—_— n(T)2" =
n=0 2 Y (Z)

which completes the proof. O

Case 5. By substituting

Sl(*A‘;) = *6 Sl(fpg) =-1
SQ(—A3) =11 and S2(_P5) = =T
S3(—As) = —6 S3(—P3) = —a?

in (3.2), we deduce the following proposition.

Proposition 7. Forn € N, the new generating function of the product of Stirling numbers of the first kind
with Tricobsthal polynomials is given by

S L 9742) ] ()" = 14 11x2? — (622 + 6z)2° — 362%2% + 36242°
2 " N

n=0 yZ(Z) 7
with
ya(2) = 1—(6 — 36z)z + (11 + 222)2% — (6 — 48z + 3622)2> + (1672% — 362)2*
+(66x — 8422 + 5882%)2° + (25122 — 32423)2° — 216(x* — 23)27 — 3962528 — 216292°.

Corollary 7. The following identity holds

3241

T - 2n+2)-]n(1') = Sn(AS)Sn(PS)-
Case 6. The substitution

Sl(—Ag) =—6 Sl(—Pg) = -

So(—A3) =11 and | So(—P3) =« ,

S‘g(*Ag) =—6 Sg(*Pg) = -

in (3.2), gives the following proposition.

Proposition 8. Forn € N, the new generating function of the product of Stirling numbers of the first kind
with 2-Chebyshev polynomials is given by

> (37“r2 +1 P ()2 = 1 —1laz? + 6(ax — 7)z3 — 36yx2t — 367328

2 y3(2)

)
n=0

with

y3(2) = 1—(6z + 360)z + (112 — 22a)2% — (367 + 6+ 4 48ax)z3
+(167vz + 36ax + 490°) 2" — (588ay + 660z + 84v22)2°
+ (25192 + 360 4 288ayx) 25 — 216(7%x + ay)z" 4 39607228 — 2167320,
Corollary 8. The following identity holds

324

. — 2T (2) = S, (A3) S, (Ps).
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6. CONCLUSION

Based on Theorem 1, we have derived some new generating functions of the first kind Stirling numbers
with some known numbers and polynomials. The derived theorems and corollaries are based on symmetric
functions and products of these numbers and polynomials.
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